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Abstract 

We elaborate on the recently discovered spinor-vector duality in realistic free fermionic 
heterotic vacua. We emphasize the interpretation of the freely-acting orbifolds carried out on 
the six internal dimensions as coordinate-dependent compactifications; they play a central 
role in the duality, especially because of their ability to break the right-moving superconfor- 
mal algebra of the space-time supersymmetric heterotic vacua. These considerations lead to 
a simple and intuitive proof of the spinor-vector duality, and to the formulation of explicit 
rules to find the dual of a given model. We discuss the interest of such a duality, notably 
concerning the structure of the space of vacua of superstring theory. 



^ Unite mixte du CNRS et de I'Ecole Normale Superieure associee a I'universite Pierre et Marie Curie (Paris 
6), UMR 8549. 



1 Introduction 



Heterotic string theory [T] is a preferred candidate to build realistic string theories. Indeed, its 
structure allows a large variety of gauge groups, derived from the breaking of the original 50(32) 
or £"8 X £"8 10-dimensional gauge group upon compactification [2]. These groups include usual 
grand unification groups such as SO(IO) or SU{5), usually arising from the breaking of the Eq 
gauge group present in a = (2, 2) Calabi-Yau compactification of heterotic string theories. 

One expects a realistic theory to have = 1 (which is further spontaneously broken) four- 
dimensional supersymmetry. In our framework, this is achieved by compactifying the six internal 
dimensions on a T^/Z2 x Z2 orbifold. This procedure initially breaks supersymmetry from Af = 4 
to J\f = 1. The last breaking M = I ^ M = O'ls assumed to be realized either by non-perturbative 
phenomena or by (geometric or non-geometric) fluxes [3]. The T^/Z,2 x Z2 orbifold framework 
also has the advantage to have three J\f = 2 twisted sectors, which can lead naturally to a 
realization of models with three generations [4J - [8]. 

The models we are going to be interested in are built using the so-called fermionic construc- 
tion [S], where the Weyl anomaly is cancelled by inclusion of free fermionic degrees of freedom 
on the world-sheet. Over the years, several string-derived realistic models have been constructed 
using this formalism [6]. It is known ^ |8] that such models reproduce a wide variety of com- 
pactifications, toroidal or more generally Calabi-Yau, at special points of their moduli space. A 
particular model is specified by a basis of sets of fermions, or more precisely by summation over 
a set of spin structures authorized for the fermions. In this procedure, standard Z2 freely-acting 
and non-freely acting orbifolds are encoded in a very natural way, which arises from the prop- 
erties of fermionization when the internal manifold is at the extended symmetry point, referred 
to as the fermionic point. Placing ourselves at this specific point of the moduli space of the 
theory is not very restrictive : indeed, if one chooses to deform these models in order to move 
away from this point, the form of the twisted sectors, and therefore the chiral matter content of 
the model, is unchanged as these sectors are insensitive to the geometry of the compactification 
manifold [HEKl]. The 12,2 x Z2 orbifold breaking the supersymmetry to = 1 is realized by 
means of the introduction of two sets of fermions, that we will call hi and 62- We finally have 
to specify the value of various discrete torsion coefficients, defining the action of the generalized 
GSO projections present in the construction; this specification, among other things, encodes the 
precise effect of all the orbifoldings that have been introduced. 

In this paper, we will focus on a duality that has been pointed out in a recent work [1], 
where several properties of all possible heterotic Z2 x Z2 models have been detailed, by means 
of a computerized statistical study of their massless spectra. This study has been restricted to a 
subclass of models closely resembling the usual three generation realistic string models, where the 
gauge group yielded by the free fermions include a factor 50(10). This duality exchanges, within 
the three twisted sectors of the orbifold, the number of vectorial representations of 50(10) with 
the number of spinorial plus anti-spinorial representations of 50(10). Starting from obviously 
self-dual cases, namely the cases where the 50(10) gauge is extended to E^, which can be linked 
to the usual = (2, 2) compactifications on Calabi-Yau surfaces, we will be able to project 
out some of the representations of 50(10) by suitable freely-acting orbifolds, therefore explicitly 
creating dual pairs of models in a straightforward way. We will be able to construct the dual 
model of some generic model, which will prove the duality. As noted in previous work, this 



1 



duality is realized internally in each twisted sector. Consequentially, the duality has been shown 
to hold in = 2 theories as well (as AA = 2 supersymmetry is conserved in each of the twisted 
sectors). The mechanism of the proof can be adapted in a straightforward way to this case. 

The main ingredient of the construction will be to consider the effect of freely-acting orbifolds. 
These orbifolds, when carried out in the simplest way, correspond to the modding out of a half- 
shift symmetry X ^ X + ttR on an internal boson X. In this case, the generated twisted 
sectors are massive; without further hypotheses, the mass shift does not depend on the various 
representations to which the states belong. However, in a particular framework, the freely-acting 
orbifold can break a symmetry by lifting the mass degeneracy between the symmetry partners. 
This happens if, in addition to the translation, we consider modding out a parity operator, 
discriminating states having different charges under a symmetry group. As a result, states 
with different charges will undergo different mass shifts, leading to a spontaneous breaking of 
symmetry. This mechanism is the stringy generalization [3] of the field-theoretic Scherk-Schwarz 
compactification [10] ; it can be used to spontaneously break supersymmetry, when the parity 
operator is chosen to be the space-time helicity of the string state [3j. More generally, various 
patterns of spontaneous SUSY breaking are obtained by choosing an arbitrary i2-symmetry 
charge (see for example [11] for a recent cosmological application of these constructions). 

This enables us also to break an internal superconformal algebra, relating vectorial and 
spinorial representations of some gauge group of the theory. The current transforming the spino- 
rial representation into the vectorial one and vice-versa is part of the right hand side of the 
N = (2, 2) superconformal algebra present in the model in the case of an unbroken Eq. By doing 
a Scherk-Schwarz compactification of an internal direction coupled to the helicity associated to 
the different representations of the gauge group, one is then able to break this superconformal 
symmetry, discriminating vectorial and spinorial representations by creating a mass gap. 

In the first part of this paper, we will review the free fermionic setup used to construct 
the class of models we will be interested in. Then we will detail how one can implement freely- 
acting orbifolds with the sets we introduced, how these freely-acting orbifolds can be used for the 
spontaneously breaking of some symmetry, and how it can, in our case, lift the mass degeneracy 
between the spinorial/anti-spinorial representations of 50(10) and the vectorial representations 
of 50(10). In a third part, we will focus on one twisted plane (that is, one family of twisted 
sectors) of the theory. We will start by considering one specific model in the first twisted plane, 
and detail its massless spectrum. Then, we will enunciate the rules to construct the {St ^ V)- 
dual of a model, and apply them on the model we just constructed. We will also give some 
tools to perform this duality directly on the partition function of the theory. Finally, we will 
conclude by some remarks on the significance of this duality, especially regarding the structure 
of the vacua of AA = 1 heterotic string theories. 

2 Free fermionic construction 

2.1 Af = 1 and M = 2 parity set basis and partition function 

Starting for a four- dimensional superstring theory made out of free fermions [S], the 20 left- 
moving fermions are noted, following references [9j [12] 

(2.1) 
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and the 44 right-moving ones 

^-1...6^-1...6^^1...5^-1...3^^1...8j (2.2) 

where the -i/i's, ^'s and ^'s are complex fermions. These notations fixed, we are considering the 
sets 

p _ r„/,M ^1-6 „,1...6 , ,1...6 I -1...6 -1...6 J,1...5 -1...3 II. ..81. 

S = {r,x'-^}; e^ = {y\uj'\y\io'}, [i = 1...6]; 

bi = {x'-^y'-' I f-',i^'-',fi'}; (2.3) 
b2 = {x'''''^y'''''''\f'''''',i^'---',fi'}; 

Noting additively the usual composition law of the free fermionic formalism, we will use that 

X = {Vi^•••^ r?i'^'^} = F + S + J2ei + zi + Z2 (2.4) 

i 

and 

bs = h + b2 + x = {x'-\ y'-" I y'-\ ff} (2.5) 

are part of the vacua of the theory. Note that the case of a AT = 2 theory is treated by 
considering the previous set, amputated of &2- This has the effect of considering a r^/Z2 x 
orbifold instead of a r^/Z2 x Z2. The duality also holds in this case, as we will see from the 
mechanism of construction that the duality holds separately in each twisted sector; and within 
a twisted sector, J\f = 2 supersymmetry is preserved. 

The generic form of this partition function is quite lengthy but useful. We note, as an index 
of the various blocks, the corresponding degrees of freedom. Noting for brevity ^3 = —hi — /12, 
it reads : 



hi,gi \ a,b 



a+hi 
b+gi 



a+h2 
b+g2 



e+hi 



e+h2 



e+h3 



I...5 iil,2,3 



2^2 

H\,G\ H2,G2 



e+Hi 



e+H2 



Era.6 



hi\si 
9i\ti 



X e 



m<^{'~1,5,Si,ti,e,i,hi,9i,Hi,Gi,H2,G2) 



b+gs 



(2.6) 



3 



where the internal twisted/shifted (6,6) lattice is given by 



6,6 



hi\s, 

gi\k 



1 



'd 



1} 



71+^1 

Si+gi 



I '52+31 

73+^2 
53+32 

74+'l-2 
(54+32 

75+^3 
55+33 

76+^3 
56+33 



^_)7i*i+<5isi+siii 
■j 72 12+<52 52+^2*2^ 



_'j74t4+54S4+S4t4 
_'j75t5 +5555+55*5 
_ '176*6 +5656+56*6 A 



{yujyGj)^ 
{yujyCd)'^ 
{yujyCu)^ 
J (tjujyCb)^ 



(2.7) 



Here e*'^* is a global phase whose effect is to implement the various GGSO projections acting 
on the spectrum of this theory. Following the formalism of [5], these GGSO projections are 
equivalently defined by the coefficients C(^-|^,.) = where Vi and Vj are the vectors of (12. 3p . 

This phase is required to satisfy modular invariance constraints, that is, it must be invariant 
under the following transformations : 



T + 1 



(a, 6) 

ihi,gi) 
{Hi, Gi) 



(a,a + 6+ 1) 

(7j,7j + + 
{e,e + ^ + l) 
{hi, hi + Qi) 
{Hi, Hi + Gi) 

{Si, Si -\~ ti) 



-l/r 



' {a,b) 


{b,a) 


{li,Si) 


{5i,li) 


{e,0 - 


- (e,e) 


{hi,gi) 


{gi,hi) 


{Hi,Gi) - 


{Gi,Hi) 


^ {Si,ti) - 


{tij Si) 



(2.8) 



Here we may make some remarks. 



The global phase <I> does not depend on the spin structure of the space-time fermions, 
(a, 6). This is necessary to preserve M = I supersymmetry; otherwise supersymmetry is 
spontaneously broken, as the gravitini acquire a mass. We will not consider this mechanism 
here. Note however that the construction of a realistic model also requires such a breaking. 

We want to emphasize the physical meaning of the parameter e in the expression (|2.6p . As 
the ^ block corresponds to the representations of 50(10), e is the associated chirality : 
spinorials of 50(10) have e = 1, whereas vectorials have e = 0. We will relate this later 
to the right-moving SCFT of the model; breaking this SCFT will be done by assuming a 
non-trivial dependence of the global phase <I> of the spin-structure (e,.^). 

The inclusion of {si,ti) performs additional shifts on the six (fermionized) internal dimen- 
sions compactified on T^/Z2 x Z2. These shifts correspond to the presence of the sets (e^) 
in the parity basis; similarly, the twisting parameters (Hi,Gi) account for the presence of 
the sets Zi. Coupling these parameters to various spin structures by a suitable form of the 
phase $ will generate the Scherk-Schwarz symmetry breakings we will consider. 
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2.2 SO{10) models as Gepner-map duals of Type II models 



The model we have considered above is in fact obtained directly from a Type II model by a map 
introduced in [13]. This map defines a correspondence between a heterotic model and a Type II 
model by the following construction. 

If we label -Ba=i, 2,3,4 the four characters of SO{8) Og, Vg, Ss, Cg, one can write a generic Type II 
partition function in the following form 

^^^ = 7WE^A^,Z,,,, (2.9) 

A,A 

Here, ^ account for the spin-statistics of the model and, in the case of compactified theories, 
for the internal lattices. The general procedur^ is then to replace the SO{2d) characters of the 
right-moving side of the theory by S0{8 + 2d) x Eg characters, so that the modular properties 
of the partition function are preserved. The product only involves the singlet character of Eg, 
whereas the map for the SO {2d) characters is done as follows : 

02d ^2^+8) ^2(1 02d+8-, S2d ^ —S2d+%i C2d ^ " C2d+8- (2.10) 

In particular, for the usual IIA and IIB space-time fermions blocks, d = 4 and the replacement 
is done by 



a,b 



a, 6 



a, 6 



7,(5 

7,(5 



(2.11) 
(2.12) 



We see that the reversal of the sign of the fermionic characters breaks the usual spin-statistics, 
so that, from a space-time point of view, this operation has traded a supersymmetric sector for 
a purely bosonic sector. Following our notations for the free fermionic degrees of freedom and 
their obvious extension to Type II models, the mapping Type II Heterotic is done by replacing 



the free fermions of Type II X } by the free fermions of the heterotic {ip 



1...5 fjl,2,3 



Also note that in both Type IIA and Type IIB cases, the obtained block is in fact a second copy 
of the singlet of £"8, which signals an enhancement of 50(16) to Eg. 

Carrying out the Z2 x Z2 orbifold on both of these models, we see that the heterotic model we 
consider in this paper is no other than the Gepner-map of a Type II A/'4 = 2 model, via the 
mapping 



^There exists a second solution, which is the replacement by SO{32) characters. 
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5:' 

a,b 



\a+b+ab 



a+hi 
b+91 . 



a+h2 
P+92 _ 



P+93 _ 



(2.13) 



a+h\ 
b+gi 



1} 



a+h2 
6+32 



a+h-j, 
b+g-i 



a,b 



7,5 



One recognizes the block of (|2.6p corresponding to the V^'s and fj^s. The second block accounts 
for an Eg gauge group formed by the complex fermions (^^■••^; generically, this group will be 
broken due to the inclusion of the sets zi and Z2 in our construction. 

Out of the two four-dimensional supersymmetries of the Type II model, only the left-moving 
one is still present in the heterotic; however, the right-moving superconformal algebra survives 
the mapping. This is nothing but the embedding of the spin connection of Type II models into the 
connection of the corresponding heterotic ones. Then, this superconformal algebra does not give 
birth to a space-time SUSY, but relates spinors to vectors, belonging to representations which 
are now of the internal 50(10) spanned by the ■0's. The survival of this symmetry will guarantee 
the existence at the massless level of what were formerly right-moving gravitinos and are now 
gauge bosons in a spinorial of 50(10) : then, 50(10) x U{1)^ gets enhanced to Eq x C/(1)^. This 
enhancement comes as no surprise from the Calabi-Yau point of view : the general embedding 
of spin-connection into gauge connection singles out a subalgebra SU{3) inside the first Eg, 
corresponding to the holonomy of the compactification manifold. The anomaly cancellation 
mechanism [14] then requires that we switch on background values for this 5C/(3), and the 
surviving gauge group is Eq, coming from the embedding SU{3) x Eq C Eg. Of course, the 
Cartans of SU{3) still define a gauge group f/(l)^, so that, in the presence of a right-moving 
N = 2 SOFT, we indeed find a gauge group Eq x C/(1)^ x Eg. This is realized explicitly in our 
constructions. 

Note that this procedure underlines the naturalness of the appearance of a gauge group 
50(10) in = 1 realistic theories : the Type II right-moving fermionic block made out of 5, V, C 
representations of the Lorentz group 50(8) is traded for a block made out Eg characters. The 
Z2 X Z2 orbifold required to break the four-dimensional supersymmetry = 4 — > 1 is forced by 
consistency to act on this Eg, generically breaking it to E^ x U{Vf'. 

We will now enumerate the sectors from which we will be able to build massless states, and 
identify their interpretation as twisted sectors of the AA = 4^AA = lZ2xZ2 orbifold. 



3 Spectrum of the model; superconformal a:-map and its sponta- 
neous breaking 

3.1 Z2 X Z2 twisted sectors 

It is pretty straightforward to check that the M = 1 supersymmetric partner of a state built 
on some vacuum \a) will come from the vacuum \a + S). Here, we will therefore restrain our 
enumeration to the bosonic vacua. Apart form the pure NS vacuum, states can be built from 
the following sets : 
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• the 16 twisted sectors 



• the 16 twisted sectors 



• the 16 twisted sectors 



^A3A4A5A6> = bi + Eta ^i^i), where Ai = or 1; 
^AiAaAsAe) = + E*=i,2,5,6 ^^^i), where Ai = or 1; 
^AiA2A3A4> = p + Eti ^i^i)^ where Ai = or 1; 



• the sectors \a + x), where a is any of the sectors described above; 

• the sectors |zi), \z2), \z\ +2:2)- 

To properly distinguish a particle from its anti-particle, it will be handy to consider instead the 
fermionic sectors i? = 5 + ;S, so as the space-time chirality appears in a clear way. We will then 
restrain ourselves to considering positive ■0'^-helicity states. In the following, we will denote \B^) 
(and similarly for a generic sector \B\^\^\.^\^ ■, and more generally \B) an arbitrary 

twisted sector. The \B) sectors are in one-to-one correspondence with the fixed points of the 
Z2 X Z2 orbifold transformation. 
Let us make some comments : 

• In the following, we will pay no attention to the sectors jzi), \z2]^ \z\ + Z2), which can 
lead to additional gauge bosons. The minimal gauge group is 50(8) x 50(8); as pointed 
out in appropriate choice of the GGSO phases ensures that this gauge group is not 
enhanced, and that no mixecil massless states appear. In the following, we will assume 
these no-enhancement hypotheses, which state that there exists and ej, i / j, such 
as [ej|zi] = —1 and \&j\z2\ = —1. This choice projects out any would-be gauge bosons 
that would enhance 50(8) x SO{8) — > 50(16); the largest enhancement one can have in 
that case is a 50(8) — > 50(9), which can also be eliminated by allowing one more i such 
as [ei\zi] = —1; at any rate, there is no mixing between the "observable" gauge and the 
"hidden" gauge. 

• The spinor- vector duality finds its root from the fact that if |a) is a relevant vacuum to 
build massless states, so is \a + x). This correspondence is the superconformal "x-map" 
\B) 1-^ \B + x) pointed out in [15]. It is obvious that if (the excitations of) \a) are in 
the vectorial of the 50(10) induced by the 5 complex fermions ip^---^, then \a + x) will 
belong to a spinorial of the same group; the x-map being an involution, the converse is also 
true. What is at stake is then to find, given a set of GGSO projections, which sectors will 
survive; and for each theory, describe the dual theory in terms of the effects of its various 
GGSO projections. 

• An important case of figure brings a self-dual case. When preserving the = (0, 2) 
superconformal field theory, the 50(10)^ x U{l)f^, where U{l)fi is the diagonal U (1) induced 
by 7yi'2.3^ jg lifted to £"6. In this case, the vectorial 10 and the spinorial 16 of 50(10) 
(resp the anti-spinorial 16) are grouped in the fundamental 27 (resp. 27) of E^, which 
decomposes as 27 ^ 10 16 1 (resp. 27 ^ 10 © T6 © 1). 

^By mixed states, we mean states charged under both the "observable" 50(10) or Ee and the "hidden" gauge 
group containing the 50(8) x 5*0(8). 
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3.2 The a;-map and superconformal algebra in representations of 5(9(10) 

To begin with, we will restrain ourselves to consider only one twisted sector, namely -Bqooo ~ 
S + bi. We will note the associated ground state I-Bqqoo)- Our results will easily be extended to 
any of the 48 twisted sectors detailed above. The untwisted sector, built out of the pure Neveu- 
Schwarz ground state, gives the gauge bosons of the gauge group, but not the spinorial/vectorial 

representations we are interested in. 
The Bqqqq vacuum is then written as 

Bo^ooo ■■ Spin (V'^x''',y'-')<^ Spin (3.1) 
and the addition of the sector x brings the vacuum 

^0000 + -^ : Spin (V/',x''',?/'-')® Spin (y3-6,f''^). (3.2) 

Here, one may make a few remarks, which will be valid for any of the 48 twisted sectors. Firstly, 
due to the presence of 8 left-moving and 16 right-moving real fermions obeying Ramond boundary 
conditions, the sector \B^qq) is massless by itself, and contains spin-fields made out of the 50(10) 
fermions ^p; it therefore induces a spinorial of 5*0(10). On the other hand, the sector ji?oooo + ^) 
has 8 left-moving and 8 right-moving Ramond real fermions, so that its ground energies read 

Ml = 0; M| = -1 

A massless state will then be reached when exciting this ground state by a weight 1/2 right- 
moving fermionic oscillator. If we wish to consider states charged under 50(10), this excitation 
has to be taken to be ■0!_i/2) the resulting state lies in a vectorial representation of 50(10). 
Therefore, the x-map links vectorials to spinorials of 50(10). Obviously, the x-map arises as 
the right-moving part of the N = (2, 2) superconformal field theory that is still present after the 
Type II — > Heterotic Gepner-map, and acts inside the gauge group, due to the embedding of the 
spin connection into the gauge connection. 

As in the case of spontaneous breaking of supersymmetry, a spontaneous breaking of the 
x-map will amount to projecting out from the spectrum spinorial or vectorial representations of 
50(10), giving different masses to the two partners. In terms of the free fermionic construction, 
this situation is reflected in the fact that states from the massless sector \B) (resp. \B + x)) will 
be projected out, whereas states from the sectors \B + e^) (resp. \B + x + e-i)) will be preserved. 
These sectors are massive and are naturally interpreted as the twisted sector of the freely-acting 
orbifold based on the half-shift of the coordinate X*. We see that the net effect of this action is 
that the sectors \B) (resp. \B + x)) will get a mass, whereas the sectors \B + x) (resp. \B)) will 
remain massless. We carry out an explicit example of such a mass lift in the next subsection; as 
one can expect, it crucially relies on a careful choice of the GGSO projections. 

3.3 Implementing the Cj-generated freely-acting orbifolds 

In this subsection, we briefly recall some useful results about twisted/shifted lattices. The usual 
equivalence between a compact boson taken at the fermionic point and two left-moving plus two 
right-moving real fermions is easily extended to orbifold partition functions of each theory. 
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When we consider two internal dimensions , the t?-function form of a zero-mode lattice r2,2, 
taken at the enhanced symmetry (or fermionic) point (denoted f.p.) 




is generalized to the orbifold version of the theory. When one implements the non-freely-acting 
Z2 orbifold X^'^ — X^'^, whose twisting parameters will be denoted {h,g), as well as the two 
freely-acting Z2 orbifolds X^'^ X^''^+Tr, whose shifting parameters will be noted {si,ti,S2, ^2), 
the lattice sum is modified as 



2,2 



h\si,S2 

g\ti,t2 



f-p- 



1 

4 

y 



E ( 

71,2,<5l,2 



^-fltl+SlSl+Sltl ^_^72t2-|-52S2-t-S2t2 



(3.4) 



Therefore, implementing in the above partition function the freely-acting orbifolds (in this case, 
half-way shifts) corresponding to the sets Cj only amounts to inserting the phases (_^7t+<5s+st_ 
For now, we have just shifted the internal r6,6 lattice, independently of the rest of the spectrum. 
The corresponding orbifold is the Z2-translation along each circle of the internal space. 

If we wish to couple this shift to other states of the theory, we must introduce a phase 
relating the shift parameters (sj,tj) to the spin structures of the states we want to act on. 
Such a freely-acting orbifold takes the form (— )*^ ■ T*, where T* is the Z2-translation of the i**^ 
coordinate X* ^ X* -|- 7ri?*, and (— )'^ is the parity operator associated to the spin structure we 
are considering (generalizing the usual fermion counting operator (— )^, which would correspond 
to coupling to the spin-structure of the space-time fermion spin structure (a, 6)). 

One can carry out the calculation of the partition function corresponding to this orbifold, by 
inserting the projection operator in the computation of the trace over physical states and adding 
the contribution of the twisted sector. The result is that this orbifold is done by simply adding 
a cocycle in the partition function. As an example, if we consider a Fi^i lattice coupled to some 
spin structure (e,^), the modification is made as follows : 



,2 

m -h nr 

T2 



yg+ih+ghRY^^^^ 
^ rh,n 



= [•••]x^(-)^^+^'^+^'^ri,i[,^](|) 

h,g ^ ^ 



where ri^i[g] is the shifted Fi^i lattice 



R 



^exp 



T2 



T2 



\{^m + g) + (2n-|-/i)T|' 



(3.5) 



(3.6) 
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and the overall [...] refers to all the other blocks of the partition function, which are unchanged 
in the process. 

Setting Rss = -R/2, we recover the well-known fact that this mechanism is equivalent to perform- 
ing a stringy Scherk-Schwarz compactification, which is done by coupling the internal dimension 
to the 50(10) helicity current (3j 



Such a task is achieved by inserting in the concerned partition function block the cocycle 

where now rh and n are the momentum/winding numbers of the string state along the radius Rss 
[3]. Looking at the expressions (|3.4|) and (|3.5p . one sees that, since the internal shift parameters 
of the internal dimensions are no other than {si,ti) that the coupling of the internal shifted 
lattice to the 50(10) spin-structure (e,^) will be done by inserting a phase of the form 

^_Yti+£,Si+Siti ^2 8) 

It is worth noting that this coupling indeed lifts the mass of the states according to their chirality 
e : by considering the insertion of the Scherk-Schwarz cocycle (13. 7p . a Poisson resummation of 
the modified lattice 



rT2 ^ 



T2 

shows that the string states now have momentum and winding numbers 



(3.9) 



(^^_£_^,n) (3.10) 

which signals a mass lifting in the e = 1 sector. This procedure is of course encoded in the basic 
form of the fermionic construction and does not require further elaboration : it is related to the 
values of the discrete torsions [ei\B\ and [ej|i?-|-x], where B is an arbitrary twisted sector of the 
theory. 

3.4 Breaking the x-symmetry with the freely-acting orbifold Cj 

We start by considering the two sectors already written above, which read, in terms of spin-fields 

So'ooo ■■ Spin ix'\„iy'\s, iy''U ® Spin [if%„if%„ {f]'),,] (3.11) 



i?iooo + ^ : Spin[(^n+,(x'')e.,(y'').3,(y'').4]®Spin[(y34)^^,(y56)^^^(-2)^^^(-3)^j (3_12) 
where the ej, £», o"j, cjj are the helicities of the spin-fields. 

As discussed above, the physical states of the sector -Bqooo + 2; we are interested in are obtained 
by exciting the vacuum with a weight 1/2 tp oscillator : 
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Spin [{r)+,ix^%,,{y''%s^{y''%,] 



1/2 



Spin [{y^)a,,{y''%,An%^An%,] (s.is) 



The relevant GGSO projections to carry out in this example as those arising from the sets 
S, S + bi, 62, (ej)j=i...6- The F-projection is redundant with the /S + 61-one. The Zj-projections 
do not change the features of the spectrum in the sector i?oooo soon as we assume that they 
do not project the whole sector out; we will, for now, neglect them. 

Equivalently, we will find it handy to consider instead, on a sector B\^^^^^^^ the projections 
induced by the sets 



S, S + bi, 62 = S + 62 + (l-A5)e5 + (l-A6)e6, (ei)i=i...6 

Recall that, as are fermionic sectors, the constraints to be met are (— )" = 

where a is one of the sets above. 

Initially, the sectors B\.^^^^^^^^ have 2^^ degrees of freedom. Carrying out the 5, S + bi, 62, 
(63.. .e) projections cut the number of physical states down to 2^ = 32. Noticing that 

b2nBl^^^^^^={r\i''-% (3.15) 

we see that, as the helicity has been fixed, this GGSO projection implies that the spectrum 
of states inside the sectors -Bj^gp^^Ar Ac chiral with respect to the group SO{10). Such a feature 
crucially depends on the presence of the set 62 in our construction; this is consistent with the 
fact that the presence of a chiral matter spectrum requires = 1 space-time supersymmetry. 

Now we look at the effect of the ei and 62 projections, first restricting our attention to -Boooo- 
The latter survives the ei projection if [ciI-Bqqqq] = —1; otherwise the entire sector l-Boooo) 
is projected out. However, in the latter case, as mentioned earlier, one has to consider the 
massive sector |-Bqqqq + ei). The spin field accounting for this Ramond ground now has an initial 
degeneracy of 2^'^; carrying out the S, S + bi, 62, (ei,3...6) projections cut the number of degrees 
of freedom to 2^. This time, the various projections are not able to fix the S'O(10)-chirality of 
the massive state, since 

b2r^{Bi,x,x,Xe+^i) = {r,^'\u'\^'-'}- (3.16) 

This is consistent with the fact that when fixing the space-time spin, we still have a degeneracy 
in the representations 16 and 16 of SO{10), which is mandatory for these representations to be 
massive. 

The superconformal partner of I-Bqooo) 1-^0000+^)5 this sector contains vectorial representations 
of S'O(IO). Let us recall that, from the usual constraints of the free fermionic models, the discrete 
torsion coefficients we are interested in obey, for i = 1,2 : 

[B^ + x\e^] = [B^\ei][x\ei]. (3.17) 

Therefore, if we set [x\ei] = 1, the sector I-Bqooo + ^) ^i^^ behave in the same way as I-Bqooo) 
with respect to the projections. If [-Bgooolci] = 1, the twisted sector will be projected out as 



(3.14) 

~('^|-^A3A4AbA6)' 
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a whole, regardless of the spinorial/vectorial character of the representations; if [-Booool^*] ~ 
both spinors and vectors will survive. 

Up to now, we have thus not been able to discriminate between spinorial and vectorial 
representations of SO{W) lying in the same twisted sector. As one can expect, this will be done 
by acting on the value of the discrete torsion [x\ei]. Indeed, let us again place ourselves in the 
twisted sector |i?oooo)' ^^'^ vectorial counterpart I-Bqooo + ^)- The same reasoning as before, 
and the use of the equation (|3.17|) . yields the following rules of survival (we recall that (5^ = — 1 
for any fermionic twisted sector): 

• when [-Booool^j] ~ [x\ei] = 1, both sectors ji^oooo) '^^^ l-^oooo + ^) survive at the 
massless level; 

• when [i?ooool^«] ~ -'- ^^'^ = li both sectors I-Bqooo) ^^'^ l^oooo + ^) projected out; 

• when [-BpQQQlej] = —1 and [x\ei\ = —1, I-Bqooo) survives and I-Bqooo + ^) projected out; 

• when [-Booool^*] ~ ^^"^ [^l^i] = ~1) l-^oooo) projected out and l^oooo + ^) survives. 

Now that we know how to manipulate each twisted sector, we can start to explore the duality. 
Note that the list of ingredients at our disposal is quite simple and handy. 

We are dealing with three twisted planes, in which four left-moving and four right-moving 
fermions picked among the fermionized coordinates (y*ti;*)(y*a;*) are in Ramond boundary con- 
ditions. These fermions carry indices ^2, ^3; ^4) = (3,4,5,6) for the family, (1,2,5,6) for 
the family, and (1,2,3,4) for the B^ family. We can act on these twisted sectors by making 
the freely-acting orbifold generated by the set Cj act in a non-trivial way on them. Then one 
sees that, to be able to project out states, one must consider the action of the sets and ej, 
where i and j are different from ii,,,4; otherwise, the Cj-projection's effect is to choose the internal 
chiralities of the corresponding spin-field. Moreover, if i is one of the four indices ii...4, the sector 
B + ei is not massive, but rather another twisted sector of the same plane. 
Then two projections have to be considered for each twisted plane. In the following, we will be 
interested in the B^ plane, so that we will consider the orbifolds induced by ei and 62- This 
fact is not surprising : in the B^ plane, the physics is independent of the volume of the four 
internal coordinates corresponding to the fermions {yuj\yO)^'^^^ ; therefore, a spontaneous break- 
ing of symmetry in this plane must be constructed out of the two last internal coordinates, as 
the value of the mass gap will depend on the size of these coordinates. Of course, in this paper 
we will encounter no such dependence, as all moduli are set at the fermionic point; however, a 
deformation of these models would make this feature clear. 

Finally, to compute the action of the orbifolds ei and 62 on one arbitrary sector of the first 
twisted plane \B\.^^^)^^;)^^) , we remark that the usual constraints of the fermionic construction 
impose 

6 

[Blx,x,xjei] = [bi + S\e,]ll[ej\e,]^^ i = l,2. (3.18) 

i=3 

Knowing all the coefficients [ei\ej] , which are part of the definition of the model, we are then 
able to repeat the above reasoning to deduce the action of ei and 62 projections on \B\,^^^^^^J 
and \Bl^^^^^^^^+x). 
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3.5 The Zi projections 

The case of the Zi projections is in many ways similar to the case of the Cj's. This time, as we 
have, for any twisted sector B of the theory BCizi = Br\Z2 = 0, any non-trivial discrete torsion 
turned on for the z sets will have an effect on the three twisted planes. One can derive all the rules 
in a similar way as for the Cj's : the Zi projections can be taken to break the x superconformal 
CFT or not, and various combinations of hypotheses on the GGSO yields various cuts in the 
spectrum of the theory. As this case is identical to the ei^2 orbifolds, the rules of the previous 
subsection apply. 

We will often omit the Zi projections, to which most of the rules we derive for the (e^) projections 
similarly apply. We will actually specifically need them to perform further cuts in the spectrum, 
giving us the possibility to restrain the number of representations present in our models. 

4 Construction of dual pairs of models 
4.1 A class of self-dual models : the Eq models 

As we mentioned previously, since in Eq models the spectrum arranges itself in fundamental 
representations 27 and 27, these models are trivially self-dual. 

The gauge group Eq is present in a model if and only if the x-map is unbroken. This is 
equivalent to requiring that the freely-acting orbifolds do not break the right-moving part of the 
N = (2, 2) superconformal algebra of the initial model. In terms of discrete torsion coefficients, 
this condition is encoded in the equality 

Vi = 1...6, [x\ei] = l; [x\zi,2] = 1- (4.1) 

From the considerations of the previous section, it is then obvious that if the above equalities are 
met, in any twisted sector \B), the representations {S,V) C 27 and {S,V) C 27 will be either 
simultaneously conserved or simultaneously destroyed, depending on the value of the GGSO 
coefficients [S|ei], Explicitly building the spectrum and counting the states surviving 

after the application of the various GGSO projections confirms the self-duality; we find that a 
given twisted sector \B) possesses one S'O(10)-spinor (chiral or anti-chiral, its chirality being 
fixed by the 62-projection), one S'O(10)-vector and one singlet under 5*0(10), but charged with 
respect to the additional U{1) of 50(10) x U{1) C Eq : 

\B) : {S,V)C27 or {S,V) C27. (4.2) 

When the action of all Zj-induced and e,-induced freely-acting orbifolds are trivial on the twisted 
sectors, we find therefore that the model possesses 27 and 27 Eq representations, with 
+ = 48. As the various orbifolds act, they are able to cut in each twisted sector, either 
the vectorial, or the spinorial, or the whole sector. As an example, we consider the twisted 
sectors \B\,^^^^^^^^.) . Depending on the values of the GGSO coefficients [bi\ei] ,i = 1,2 and [ej|ei], 
i = 1, 2, j = 3, 4, 5, 6, we are able, thanks to the identities 

6 

[Blx,x,Xeh] = [B'oooo\e^] (4.3) 

j=3 
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[BlMX,xJei] = [Bloool^i] ll[e,\z,]^\ (4.4) 

i=3 

to determine the effect of the e,- and Zj-projections on each one of the twisted sectors of the 
plane. In particular, if [efc|ej] = — 1, one sees that the Cj-projection has opposite effects on the 
sectors \Bl^x^^^^e) I^A3A4A5A6 + ^fc)- 

4.2 Duality inside the Af = 2 sectors 

As the classification in shows, one can create several kinds of non-self-dual models, in 

which, in a given twisted plane generated by the sectors \Bi) and \Bi + x), one has either only 
spinorials of 50(10) (with either positive or negative chirality; moreover, the number of spinors 
and antispinors do not have to be equal) or only vectorials. For a non-self dual model, as the 
2;-superconformal map is broken, there exists at least one i G {1 . . . 6} such that [x\ei] = —1 or 
(inclusive) one i £ {1,2} such that [x\zi] = —1. 

Let us start by considering a breaking by e,. First we argue that the condition [x\ei] = — 1 
is able to break the self-duality only in the sectors where the freely-acting orbifold has the 
possibility to project out entire representations of 50(10) : namely i = 1,2 for B^ sectors, 
i = 3,4 for B^ sectors, and i = 5,6 for B^ sectors. Indeed, let us suppose that [x\ei] = — 1 
while the others [x\ei] = 1, and investigate the consequences on the spectrum. In the B^ sectors, 
we have seen in a previous section that this breaking of x-map can project out spinors and/or 
vectors of 50(10). However, in B^ and B"^ sectors, due to the intersections 

VA,,G{0,1}, i?2^,^,^,^nei = (i?|^,^,^,^+x)nei/0 (4.5) 

and 

VA,G{0,1}, Blx^x,^x^nei = {Blx^x^x^+x)nei^0 (4.6) 

the ei-projection only kills helicities, having a similar action in the sectors B^'^ and their super- 
conformal partners B"^'^ + x; it is not able to annihilate entire representations. Then the duality 
spinor- vector is still valid in these sectors. 

With this in mind, we focus on a case where the x-map is only broken in the first plane, that 
is by ei and/or 62. The duality map is then the following : the {St <-> V)-dual of a model where 
the x-map is broken only in the first twisted plane is constructed by reversing the signs of the 
discrete torsion coefficients [-BqqqqIcj] and [BqqqqIzj] for every ei, i = 1,2, satisfying [x\ei] = —1, 
and for every Zj satisfying [x\zj] = —1. This procedure is easily seen to be in agreement with 
the rules given in |^, where the general form of the duality transformation is formulated as the 



exchange of the ranks of the matrices A^^^Y-^^q and A^^\Y^q ; this particular set of rules 
actually exchanges the vectors Y^^^ and Y^^^K 

To prove this, let us suppose that [x\ei] = —1 and consider the action of the ei projection on a 
given sector \Bl^x^^^^e)- 
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• Since one lias 



[BImxM = [i^o^oooiei] X [es\ei]^neA\ei]''[e5\ei]'ne6\ei]''^ (4.7) 

=£ 

we conclude that the sector Bj^^^^^^^^ survives the ei projection iff [^QQQQlej] = —e, and is 
projected out iff [SQQQQ|ej] = e; 

• Then, since [x\ei] = —1, we see that the sector Bj^^^^^^-^^ +x survives iff [-BQQQQ|ei] = e, 
and is projected out iff [.BQQQQ|ej] = —e. 

• Therefore, the case [.Booool^d ~ ^ corresponds to keeping only the spinorial of SO{10) 
arising from Bj^^^^^^^^, whereas [SqqqqIcj] = —e preserves only the vectorial representation 
from this sector. 

• Then, it is obvious to see that reversing the sign of [i?QQQQlei] will bring the dual model, 
since the factor e = [e3|ei]'^3[e4|ei]^*[e5|ei]'^5[e6|ei]^'5 has not been changed in the process. 



One must also look at the case where both ei and 62 are breaking the a:-map. It is easy to 
convince oneself that one must reverse the two discrete torsions [i^ooool^i] ^'^^ [-^doool^s] to get 
the dual model. Indeed, supposing that we start from a configuration where only the spinorial 
representation survive from the sector Bj^^^^^^^^ after the two projections, one sees that reversing 
only one of the two GGSO coefficients annihilates the whole sector B}^^^^^^^^; whereas reversing 
both coefficients brings back the vectorial of the sector. 

Using similar arguments, one shows that, in the case of a breaking of the x-map by a set 
Zi, the dual model is obtained by also switching the sign of the corresponding GGSO coefficient 
[-^doool-^i]- Indeed, the Zi are never, in all three planes, part of the spin-fields giving the vacuum, 
and then we can derive rules for them which are similar to the rules we have for ei^2 when acting 
on the first plane, 63^4 on the second plane and 65^5 on the third plane. We note that, since the 
coefficients {S\ei) and {S\zi) are set to preserve M = 1 supersymmetry, we may replace in the 
above rules [i^doool • • • ] t>y • • • ]• We recover the fact that the spinor- vector duality is realized 
within each Af = 2 twisted plane B^'^'^. 

Note that the rule we gave for the duality is not unique. One can check that, if we perform 
the duality in the first plane, a dual model can be obtained by reversing the sign of [Sgggglei] 
for every i, i = 1 . . . 6, satisfying [x\ei] = —1 (that is, we do not restrain ourselves to the two 
"relevant" projections in the first twisted plane which are ei and 62). As a consequence, a given 
model admits more than one dual. We will give additional arguments to this point at the end of 
this section. 

When the .x-map is broken in more than one plane, some subtleties arise, that require finer 
details. Consider a x-map-breaking set a, that is, [a\x] = — 1. a may be one of the or one of 
the Zi. The duality operation has to be carried out in the three planes, by reversing the GGSO 
coefficients [6i|q;], [&2|a], and [63IQ;]. However, the third twisted plane is not independent from 
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the two others, since 63 = 61 + 62 + x. Having carried out the two first steps of the duahty, we 
see that the two reversals 



[bi\a] -[bi\a], [b2\a] -[^sja] (4.8) 

entail, since [ftsja] = [bi\a] ■ [b2\a] • [x\a] : 

[bsla] ^ [63 1 a]. (4.9) 

This situation arises if a set a is able to break the spinor- vector duality in all three planes. This 
is not the case for the Cj's : as we have seen, ei and 62 can only break the duality in the first 
plane B^, and 64 in the second plane B^, and 65 and eg in the third plane B"^. 
It is however problematic when a is equal to zi and Z2. In that case, the duality is restored if 
we assume the existence of Cj and ej, i j, such as : 

[ei\zi] = -l and [ej\z2] = -1. (4.10) 

These conditions are precisely the no-enhancements hypotheses we assumed to define the class 
of models in which we demonstrate the duality. 

Indeed, when (|4.10p is verified, the transformation (|4.8p for a = zi entail^ 

[bslzi] ^ -[bs + ei\zi]. (4.11) 



This feature has the following effect. In the two first twisted planes, the transformations 
imply that if, in a model, the sector \B\^^^)^^^J contains a spinorial representation, it will 
contain a vectorial representation in the dual model. However, due to the transformation (|4.1ip . 
we learn that if, in a model, the sector \B)^_^^^^^^J contains a spinorial representation, the sector 
l'^AiA2A3A4 + ^i) ^'11 contain a vectorial representation in the dual model. Then, in the third 
plane, we have a modified the x-map : instead of linking a sector {B^^^^^^^^^J I-^AiA2A3A4 + ^)) 
we have linked it to |-B^jA2A3A4 + (x + ei)). In this respect, the duality in the third plane can also 
be viewed as being a sector-by-sector correspondence. 

This also points out that the duality operation is not unique : one can choose to modify the 
j;-map a ^ a + x into a a + x + ei in the two first planes, for appropriate sets Cj, i.e. such as 
a -|- Cj is massless, and satisfies a condition of the type (|4.10l) . This observation is connected 
to the fact that the duality operation is viewed in ^ as an exchange of the rank of the matrices 



rank 



A('\Y{P] ^rank[A(^),y//) 



' ^ 10 



(4.12) 



this rank being constant under linear combinations on the columns of A^^^. 



Also note that when we will detail in section [44l the duality procedure, in the no- enhancement 
framework, in terms of cocycle insertions, it will be sufficient to insert cocycles relative to the 
twist parameters hi and /i2; the effect on the third plane will automatically follow. 



''We suppose here that 7^ 65,66. If not, one adapts the proof in the straightforward way by exchanging the 
roles of foi, 62, 63. 



16 



4.3 Explicit realization of the duality in the first twisted plane 

We consider a model given by the following discrete torsion coefficients : 

[-Bdooolei] = 1, [^|ei] = l, [xjes] = -1; (4.13) 

and 



[•!•] 


61 


62 


63 


-1 


1 


64 


1 


-1 


65 


1 


1 


66 


-1 


1 



Then the action of ei and 62 projections on the B twisted plane and the resulting spectrum are 
summarized in tabled! This table gives, for a model and its dual, the discrete torsion accounting 
for the effect of the projections ei and 62 for each of the 16 sectors of the first twisted plane, and 
the corresponding surviving representations. The left part of the table assumes [-B0000I62] = 1 
while the right part is for [-B0000I62] = — 1- As we discussed, a coefficient 1 relatively to ei 
projects out spinors and vectors altogether; a coefficient 1 with respect to 62 projects out spinors 
and a —1 projects out vectors. 





61 


62 


rep. 


61 


62 


rep. 


-"0000 


1 


1 





1 


-1 





-"0001 


-1 


1 


V 


-1 


-1 


S 


r1 

-"0010 


1 


1 





1 


-1 





Rl 

-"0100 


1 


-1 





1 


1 





Ri 

-"1000 


-1 


1 


V 


-1 


-1 


s 


r1 

-"1100 


-1 


-1 


s 


-1 


1 


V 


Ri 

-"1010 


-1 


1 


V 


-1 


-1 


s 


r1 

-"1001 


1 


1 





1 


-1 





Rl 

-"0101 


-1 


-1 


s 


-1 


1 


V 


r1 

-"0110 


1 


-1 





1 


1 





Rl 

-"0011 


-1 


1 


V 


-1 


-1 


s 


r1 

-"1110 


-1 


-1 


s 


-1 


1 


V 


Rl 

-"1101 


1 


-1 





1 


1 





r1 

-"1011 


1 


1 





1 


-1 





Rl 

-"0111 


-1 


-1 


s 


-1 


1 


V 


^nii 


1 


-1 





1 


1 






Table 1: GGSO coefficients for the first twisted plane and corresponding surviving representation, 
for the choice of coefficients M.lSp . 

Note that in fact, this model is already self-dual; however, the duality operation is non- 
trivial, as it exchanges spinorial and vectorial representations inside each twisted sector B\,^y^^^^^y^^, 
and we find it more instructive to detail the duality procedure in this model rather than in a 
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purely vectorial or purely spinorial model (recall from [1] that in one twisted plane, one has 
either a purely vectorial, purely spinorial/anti-spinorial or half-vectorial half-spinorial - i.e. self- 
dual - spectrum). Obviously, under a duality transformation, a model having only spinorial 
representations (which can be specifically obtained, for example, by setting [63^4^5^6162] = 1) will 
be related to a model having only vectorial representations, the transformation being done sector 
by sector. We present an explicit example of such a duality transformation in Appendix I. 

We have not mentioned here the chirality of the spinorial representations; these depend on 
the 62 projection, which in turn depends on the discrete torsions 



We will fix 



0000 1 



[^0000 1 ^']; hlh], i = 3,4,5,6. (4.14) 
-1 and consider two cases of figure for the other four GGSO coefficients : 



(1) 



[•!•] 


62 






[•!■] 


62 


63 


1 






63 


1 


64 


1 


and 


(2): 


64 


-1 


65 


1 






65 


1 


66 


1 






66 


-1 



Extracting the spinorial representations from the previous model, we find that for case (1), before 
and after duality, all 50(10) spinors have positive chirality. For case (2), we find that, before 
and after duality, we have 2 chiral and 2 anti-chiral spinors. 

Note that to put in evidence more features of the construction, we have taken non-trivial values 
for the coefficients [63^4^5^6161,2]- Had we not done this, the remaining model would have had more 
generations. One sees that within a twisted plane, arbitrary values of the coefficients [63,4,5,6(64], 
where Cj doesn't break the x-map, are only able to project out half of the twisted sectors; only 
8 sectors out of 16 contribute, giving either a purely spinorial, purely vectorial, or half-vectorial 
and half-spinorial spectrum. 

Further projections in the spectrum can then be performed by acting with the orbifolds 
generated by zi and Z2. Indeed we can obtain the formula 



[5a3A4A5A6Ni,2] = [^ooool^i,2] X HCe^l^La]' 



i=3 



and the survival condition of the sector |^a3A4A5A6) 



[^A3 A4 As Ae 1^1,2] - -1- 
Setting, for some G {3,4,5,6} x {1,2}, some discrete torsions 



(4.15) 



(4.16) 



[ei\zj] = -1 



(4.17) 



gives one access to models in which only 4 sectors or only 2 sectors out of the 16 survive at the 
massless level. 
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To conclude this subsection, let us note that the explicit model we constructed above is 
self-dual; however the Eq gauge symmetry has been broken. Breaking Eq — > 50(10) x C/(l), 
as it makes an abelian factor U{1) appear in the gauge group, is generally believed to lead to 
anomalies. However, in a class of self-dual models, U{1) anomalies can be evaded when summing 
on the contribution of the three twisted planes. We provide an explicit example of this property 
in the Appendix II. 



4.4 Plane by plane insertions of discrete torsion coefficients, and their overall 
eff'ects 

In this subsection, we want to indicate how these constructions can be translated in terms of 
modifications of the overall phase $ introduced in the general form of the partition function 
(|2.6p . Again, we focus on the first twisted plane; the generalization for the simultaneous action 
on the three planes will be addressed at the end of this subsection. We are then considering the 
internal dimensions Cj, i = 1,2. The term of the partition function representing the first twisted 
plane is obtained when the four space-time fermions ^^3,4,5,6 ^^^.g twisted : therefore, hi = and, 
h2 = hs = h is the relevant twisting parameter. 

Remembering that the freely-acting orbifolds are conveniently represented by the insertion 
of cocycles in the partition function, we find the following rules. 

First, in the absence of superconformal symmetry breaking, one is able to project out a whole 
sector of the twisted plane (that is, both the spinorial and the vectorial coming from this sector) 
by adding a phase 

depending on the breaking being done by a Cj or a Zi projection. As we discussed earlier, such a 
coupling renders the h = 1 sectors massive, which is the case in the plane that we are considering. 
Furthermore, as we have explained before, the effect the different sectors of the plane is dictated 
by the values of the coefficients (ej|ej). These discrete torsions are controlled by the insertion of 
the cocycles 

One is then able to construct a variety of self-dual models using these rules. Similarly, one is 
able to control the value of the coefficient {ei\zj) by means of the insertion of 

^_yiGj+Hjti_ (4 20) 



The superconformal x-map is broken as soon as we couple a freely-acting orbifold to the 50(10) 
spin-structure (e,^). In the first twisted plane, such a breaking requires the action of at least 
one of the sets (ei, 62, zi, Z2); the corresponding cocycles to be inserted then read, respectively : 

^_yU+^s,+s,U ^ i=l,2; (_)^G.+5H,+H,G,^ i = 1,2 . (4.21) 

Coupling the two previous effects now allow us to control which representation (spinorial or 
vectorial) survives at the massless level in the model. Starting from a case where both spinors 
and vectors survive, the addition of one of the SCFT-breaking phases (|4.2ip lifts the spinorials 
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of 50(10), so that only the vectorials survive. If instead we start from a case where the whole 
sector has been projected out, by the insertion of a cocycle of the form (|4.18p . adding a cocycle 
(|4.21|) recovers the spinorials, while the vectorials remain massive. The phase we inserted in this 
case is then the product of (|4.18|) and (I4.2ip . 
We may summarize the possibilities as follows : 

• no cocycle introduced : S and V stay at the massless level; 

• (^—'jf^^i+gsi ■ both 5 and V become massive; 

a (^_Yti+^St+Siti . g becomes massive, V stays massless; 

• (— )('=+'*)*i+{?+5')*i+**i*i : S stays massless, V becomes massive. 

Of course, if one considers a breaking by Zj, one has to replace {si,ti) by {Hi,Gi). 

We then learn how to engineer the duality map directly on the partition function. We have 
stated that it has to be done by reversing the GGSO projections [i?^|ei], [.B^|zj] for each x- 
breaking projections Cj, Zi. But these values are encoded in cocycles 

^_^hti+gsi ^_\^hGi+gHi 22) 

where h is the orbifold parameter relevant for the plane we are interested in. Therefore, to carry 
out the duality map, one has to insert a cocycle (I4.18P for each projection breaking the x-map 
(i.e. such that a cocycle of the form (|4.21|) is present in the partition function). 



5 Conclusion and discussion 

In this paper, we gave a new demonstration of the spinor-vector duality that was shown to 
hold among the = 2 Z2 and the = 1, Z2 x Z2 heterotic-string vacua obtained via the 
free fermionic construction. We interpreted the freely-acting orbifolds present in the model 
in terms of stringy Scherk-Schwarz mechanisms; these have been used to give a non-vanishing 
mass to some sectors of the theory, and/or to perform a spontaneous breaking of the right- 
moving superconformal algebra (also called x-map) which is responsible of the gauge enhance- 
ment 50(10) X U{1) —> Eq. Such a breaking creates non-self-dual models, where we do not have 
the same number of spinorial and vectorial representations of 50(10) at the massless level of the 
theory. We described the procedure used to construct the dual of a given model. Moreover, we 
explicitly constructed self-dual models in which Eq gauge is broken. 

Such models may, or may not, be free from all Abelian and mixed anomalies. The cases 
in which the self-dual models are particularly interested, as in such models one does not need 
to resort to field theory arguments to shift the vacuum to a stable supersymmetric vacuum. 
Finally, we have given rules on how to perform this duality directly on the expression of the 
1-loop partition function of the model. 

One may ask what are the implications of such a duality. Firstly, we can see it as a symmetry 
in the space of vacua of string theory, whose study has been of great interest over the past years 
[16| . Furthermore, the duality is exhibited in the space of free fermionic models that have also 
given rise to some of the most realistic string models constructed to date. The geometrical 
structure underlying the free fermionic models is that of the Z2 x Z2 orbifold, and a natural 
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question is whether it extends to other orbifolds. The spinor-vector duahty can be thought 
of as being of the same kind as mirror symmetry [17| . Indeed, mirror symmetry is manifest 
in this model as the symmetry exchanging spinorials of SO{W) into anti-spinorials of SO{10). 
This is due to the Type II <-> Heterotic correspondence being related to the embedding of the 
spin-connection in the gauge connection. Therefore, changing the chirality of the 50(10) spinors 
amounts, on the Type II side, to change the GSO projection on the right-hand side of the theory. 
This Type IIA <-> Type IIB switch is known [18] to be equivalent to the substitution of the 
compactification manifold by its mirror. Our constructions displays this mirror symmetry : this 
relies on the choice of the coefficients [61I62] and [ej|62], as we have shown that the 62 projection 
imposes the chirality of the massless spinorial representations (if any). The mirror symmetry 
implies a change in the topology of the compactification manifold, as the Euler characteristic 
is taken to its opposite. Spinor-vector duality can, as well, be thought of as another topology- 
changing duality. Note that its range of application is wider than the mirror case. Here, non- 
self-dual points correspond to = (2, 0) compactifications. Just as mirror symmetry can be 
thought of as a manifestation of T-duality [18] also the spinor-vector duality may be regarded as 
such, but with the added action on the bundle representing the gauge degrees of freedom of the 
heterotic string, induced by the breaking of the N = 2 world-sheet superconformal symmetry 
on the right-moving bosonic side of the heterotic string. Thus, just as mirror symmetry have 
led to the notion of topology changing transition between mirror manifolds, the spinor-vector 
duality suggests that the web of connections is far more complex, and further demonstrating 
that our understanding of string theory is truly only rudimentary. Furthermore, what we may 
find is that the distinction of particles into spinor and vector representation is a mere low energy 
organisation. What the string truly cares about is its internal consistency, characterized by the 
modular invariance of the partition function. 
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Appendix I 

A dual pair of models with spectrum in the first twisted plane 

We consider the model given by the following GGSO coefficients matrix : 

[vi\vj\ = e^'^('''l^^) (I.l) 





1 


s 


61 


62 


63 


64 


65 


66 


bi 


b2 


Zl 


Z2 


1 


/ 1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 \ 


s 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


ei 


1 


1 





1 











1 








1 


1 


62 


1 


1 


1 











1 
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63 
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1 
































64 
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65 


1 


1 





1 




















1 





66 


1 


1 


1 


1 














1 


1 


1 





bi 


1 




















1 


1 








1 


b2 


1 














1 





1 


1 


1 








Zl 


1 


1 


1 








1 


1 


1 








1 





Z2 


V 


1 


1 








1 








1 











(1.2) 



As far as the S'O(IO) representations are concerned, this model contains two vectorials 10, 
one in the sector S* + &i + 65 + x, and one in the sector 5 + 61 + 63 + 65 + x. The spectrum is 
therefore contained in the first twisted plane; we will only need to carry out the duality in this 
plane. 

We apply the duality procedure as follows. 
First, we notice that, since 

6 

X = 1 + S + ^2 ei + zi + Z2, 

1=1 

we have 

(x|ei) = 0, (x|e2) = 1, (x|e3) = 0, 

(x|e4) = 0, (x|e5) = 0, (xjee) = 1, 

(xl^i) = 1, (x|2;2) = 1- 

The method we exposed then consists in reversing the GGSO coefficients (6i|e2), (^'il^i) and 
(5i|z2). The resulting matrix is therefore (the coefficients we changed are in bold) : 
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1 


s 


ei 


62 


63 


64 


65 


66 


bi 


62 




Z2 


1 


/I 
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1 
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1 


1 


1 


l\ 
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1 
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1 


1 
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1 
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1 














1 
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1 





62 


1 














1 





1 


1 


1 








Zl 


1 


1 


1 








1 


1 


1 


1 





1 





Z2 


V 


1 


1 








1 

















1^ 



(1.3) 



When explicitly computing the spectrum of this new model, we find indeed that two spinors 
16 of 50(10) arise from the first plane, in the sectors S" + 61 + 65 and S" + 61 + 63 + 65. We 
see then that in this simple case, the duality transformation occurs sector by sector in the first 
twisted plane, like described in section [H 



Appendix II 

A self-dual, anomaly-free model without Eq enhancement 

We are considering the model given by the matrix which coefficents {vi\vj) G {0, 1} are defined 

by 

[vi\vj] = e'""^"^^''^') (II.l) 



{Vi\Vj 
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61 


62 


63 


64 


65 


66 


bi 


62 
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1 
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1 


1 


1 





Z2 
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1 











1 


1 











1^ 



We see that since (^;i|x) = {zi\l) + {zi\S) + Ylt=ii'^i\^i) + (-^iki) + (-2ik2) = 1 mod. 2, the 
gauge group Eq is broken. Moreover, the conditions (6i|z2) = (64] 2:1) = 1 ensure that the 
"hidden" gauge group is minimal and the full gauge group is 50(10) X U{lf X 50(8) X 50(8). 



23 



The spectrum of this model contains (we note as an index the three charges under the J7(l)^i, 
z = 1,2,3) : 

• three spinors 16 of 50(10), one for each twisted plane, 

16(1/2,0,0), 16(0,-1/2,0), 16(0,0,-1/2), 

• three vectors 10 of 50(10), one for each twisted plane, 

10(0,1/2,1/2), 10(-l/2,0,l/2), 10(-l/2,l/2,0), 

• six non-abelian gauge group singlets, two for each twisted plane, 

1(1,-1/2,-1/2), 1(1/2,1,-1/2), 1(1/2,-1/2,1), 

1(-1, -1/2,-1/2), 1(1/2,-1,-1/2), 1(1/2,-1/2,-1)- 

By verifying the identities <?i = ^ f/f = for the three abelian factors of the gauge groTip, we 
see that the observable spectrum is anomaly-free. Note that this anomaly does not occur plane 
by plane, but results from a cancellation between the three planes. 

One can also check that in this model, the contributions of the (8,1) and (1,8) multiplets of 
SO{8) X 50(8) to the U{1) anomahes cancel. 
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